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Nonabsorbing periodic multilayers reflect both the s�TE� and p�TM� polarizations strongly within the respective
stop bands. We find that finite or weakly absorbing layers, for which the reflection is usually strong within the stop
bands, can have zero or very weak reflection of the p polarization near the middle of the stop band, close to glancing
incidence. Approximate expressions are derived for the location (in angle of incidence and frequency) of the reflection
minimum and compared with calculated reflectances for specific multilayers. © 2016 Optical Society of America
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1. INTRODUCTION

We have found a deep minimum in the reflectance of the p
polarization from absorbing periodically stratified media,
remarkable in that it is localized within the stop band of the
nonabsorbing stratification. This phenomenon does not seem
to have been noticed by workers in the field [1–5].

Finite nonabsorbing periodically stratified media show the
same effect: in fact, zero reflection of the p polarization is pos-
sible within the stop band (the stop band is of course that of an
infinite structure; within the stop band, waves are exponentially
damped and reflection is total).

There is no anomaly in the s reflectance, which is strong
within the entire s stop band, as expected.

This paper aims to quantify the location and depth of the p
reflectance minimum, which we interpret as due to destructive
interference of the multiple reflected waves at a precise frequency
and angle of incidence.

We begin in Section 2 with a summary of the results for reflec-
tion of the p polarization by a finite periodic stack, such as that
shown in Fig. 1 for N � 4 periods of a high–low structure.
Section3 thengives the reflectivity curves forN � 1; 2, and3,with
analytical results for the location of the zero of Rp forN � 1, and
numerical results for N � 2 and 3. Sections 4 and 5 consider re-
flection of the p polarization by absorbing periodic media.

All of the figures and numeric results in this paper are for
ZnSjMgF2 high–low multilayers which are quarter-wave stacks
at normal incidence. Similar results were obtained for the
HfO2jSiO2 multilayers of Ref. [2].

Figure 1 shows the dielectric profile of a four-period λ∕4
stack, which by design reflects strongly at normal incidence
within the “stop band,” namely, within the angular frequency

range ω0 − Δω < ω < ω0 � Δω, where (see, for example,
Section 12.3 of [6])

Δω
ω0

� 2

π
arcsin

nh − nl
nh � nl

: (1)

The thicknesses of the high- and low-index materials are
chosen to be h � λ∕4nh, l � λ∕4nl, where nh, nl are the re-
fractive indices, λ is the vacuum wavelength, and the central
angular frequency is given by

ω0 � �π∕2��c∕nhh� � �π∕2��c∕nll�: (2)

2. REFLECTION BY A FINITE PERIODIC
STRUCTURE

The p reflection amplitude rp, from which we find the reflec-
tance Rp � jrpj2, is given by {[6], Eqs. (13.44) and (13.49)}

−rp�
Q1Q2m12�m21�iQ1�m22−σN �−iQ2�m11−σN �
Q1Q2m12−m21�iQ1�m22−σN ��iQ2�m11−σN �

; (3)

σN � cos ϕ − sin ϕ cot�Nϕ�;

cos ϕ � 1

2
traceM � 1

2
�m11 � m22�; (4)

Q1 �
q1
ϵ1

; Q2 �
q2
ϵ2

;

q1 �
ω

c
�ϵ1 − ϵ1 sin2 θ�12 �

ω

c
n1 cos θ;

q2 �
ω

c
�ϵ2 − ϵ1 sin2 θ�12: (5)
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In Eqs. (3) and (4), mij are the elements of M , the 2 × 2
matrix of a single period. The matrix is unimodular:
det M � m11m22 − m12m21 � 1. For nonabsorbing media
the matrix elements are real, and thus so is cos ϕ, even within
the stop band of an infinite stack, where cos2 ϕ > 1, and ϕ
itself is complex. When cos ϕ is real, so are the σN , which
are rational functions of cos ϕ. For example,

σ1 � 0; σ2 �
1

2 cos ϕ
; σ3 �

2 cos ϕ

�2 cos ϕ�2 − 1 ;

σ4 �
�2 cos ϕ�2 − 1

2 cos ϕ��2 cos ϕ�2 − 2� : (6)

Thus the σN are rational functions of trace
M � m11 � m22.

For the high–low dielectric mirror of Fig. 1, the matrix M
may be written down explicitly in terms of the normal compo-
nents qh, ql of the wave-vectors within the high- and low-index
materials,

qh �
ω

c
�ϵh − ϵ1 sin2 θ�12 ql � ω

c
�ϵl − ϵ1 sin2 θ�12; (7)

where ϵh and ϵl are the dielectric constants of the high- and
low-index materials, equal to the squares of the refractive in-
dices. We define

ch � cos qhh; cl � cos qll; sh � sin qhh;

sl � sin qll; (8)

Qh � qh∕ϵh; Ql � ql∕ϵl: (9)

Then the p polarization unit cell matrix becomes [6,7]

M �
�
clch − �Qh∕Ql�slsh clsh∕Qh � chsl∕Ql
−Qlslch − Qhshcl clch − �Ql∕Qh�slsh

�
: (10)

It follows from Eqs. (4) and (10) that, for this simple high–low
periodic structure, the phase parameter ϕ is given by

cos ϕ � clch −
1

2

�
Qh

Ql
� Ql

Qh

�
slsh: (11)

3. ZERO Rp FOR A FINITE PERIODIC STACK

For one period, namely, just one high-index layer followed by a low-
index layer, the p reflection amplitude is, from Eqs. (3) and (6),

−rp �
Q1Q2m12 � m21 � iQ1m22 − iQ2m11

Q1Q2m12 − m21 � iQ1m22 � iQ2m11

�N � 1�:

(12)

If both the high- and low-index materials have negligible absorp-
tion, all thematrix elements are real and there will be zero reflection
of the p wave if

Q1Q2m12 � m21 � 0 and Q1m22 − Q2m11 � 0: (13)

On inserting the matrix elements from Eq. (10), these
equations reduce to

QH tan qhh� QL tan ql l � 0 and

P − tan qhh tan ql l � 0;
(14)

where

QH � Q1Q2

Qh
− Qh; QL �

Q1Q2

Ql
− Ql ;

P � Q1 − Q2
Q1Ql
Qh

− Q2Qh
Ql

: (15)

These equations are satisfied by

tan2 qhh � −
PQL

QH
; tan2 ql l � −

PQH

QL
: (16)

We note that the right-hand sides of Eq. (16) are independent of
frequency, and so is the ratio

qhh
ql l

�
arctan

ffiffiffiffiffiffiffiffiffiffi
− PQL

QH

q

arctan
ffiffiffiffiffiffiffiffiffiffiffi
− PQH

QL

q : (17)

This equation may thus be solved for the angle of incidence θ, and
this angle can be substituted into either of the equations in Eq. (16)
to find the frequency. (A physical solution exists only if the signs of
QH ,QL, and P are such as to give real tangents, of course.) For the
one-period stack, and the parameters of Fig. 1, the solutions are
θ ≈ 73.4°, ω ≈ 1.083ω0. This point of zero reflection is shown
in Fig. 2 as a diamond. A wide minimum surrounds this zero of
reflectivity, but the region of small reflection gets more localized
as the number of layers N increases, as we shall see.

The p stop band of the infinite stack, calculated using
Eqs. (13.71) and (13.72) of [6], is bounded in Figs. 2–5 by
the thick curves of light shading. These correspond
to cos2 ϕ � 1.

We see from the figures that for N � 2 and N � 3, the
zero of Rp moves closer to glancing incidence: �N; θ;ω∕ω0�
values at Rp � 0 are (2, 80.1°, 1.19), (3, 83.7°, 1.21).
(These were found numerically.) Continuing to increase N ,
we find that the minimum gets narrower in both angle and
frequency, and closer to glancing incidence. For nonabsorbing
media, the interference minimum disappears, defeated by the
twin powers of the stop band and the necessity of full reflection
at glancing incidence.

Fig. 1. �HL�4 high–low dielectric mirror, drawn for n1 � 1�air�,
n2 � 1.5�glass�, nh � 2.35�ZnS�, nl � 1.38�MgF2�. The dielectric
constant values are the squares of the refractive indices, ϵ � n2. The
figure is drawn to scale for a λ∕4 stack, for which the thicknesses of the
high and low dielectric layers are as given in the text.
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4. REFLECTION BY AN ABSORBING PERIODIC
MEDIUM

A recent paper has explored reflection by absorbing periodically
stratified media [7]. The main effects of absorption are the
smoothing and rounding of the reflectance curves and the exist-
ence of limiting forms of the s and p reflection amplitudes,
which are independent of the substrate properties and of the
number N of the stratification periods. Both of these effects
may be expected on physical grounds, since absorption de-
creases the long-range interference and limits wave penetration
to the substrate.

Absorption can be represented by (usually small) imaginary
parts of the refractive indices, and thus of the dielectric func-
tions:

n → n� ik; ϵ → n2 � 2 in k − k2: (18)

As explained in Section 13.2 of [6], for nonabsorbing media,
stop bands (and strong reflection) correspond to cos2 ϕ > 1
and complex ϕ. When there is absorption, represented by com-
plex dielectric functions and refractive indices, the correspond-
ing normal components of the wave-vectors also become
complex, as do the matrix elements. Then ϕ is always complex,

Fig. 2. Reflectance Rp of a single period HL of the quarter-wave
stack of Fig. 1. The figure shows the contours of Rp as a function
of the angle of incidence and of the frequency. Dark shading corre-
sponds to strong reflectivity. The reflectance contours, here and in
the figures that follow, are at Rp � 0.1�0.1�0.9, with Rp < 0.1 white
and Rp > 0.9 the darkest.

Fig. 3. Rp for two periods �HL�2 of the quarter-wave stack of
Fig. 1. The figure contours and shading are as in Fig. 2. Note the
minimum developing within the stop band, the lower and upper limits
of which are indicated by the light curves.

Fig. 4. Rp for three periods �HL�3 of the quarter-wave stack (indices
as in Fig. 1). The reflectivity contours and shading are as in Fig. 2.
Note the stronger reflection within the stop band and the more local-
ized reflection minimum. The reflectance tends to unity at glancing
incidence, in accordance with a general theorem ([6], Section 2.3).

Fig. 5. Reflectance Rp of an absorbing quarter-wave stack of Fig. 1.
The number of periodsN is assumed to be large enough so that Rp can
be calculated as the absolute square of either of the expressions in
Eq. (19), which require N jIm�ϕ�j ≫ 1. The absorption in both high-
and low-index materials is modeled by complex refractive indices:
nh � 2.35� 0.01i, nl � 1.38� 0.01i.
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but for weak absorption the stop-band structure usually
dominates.

The p reflection amplitude rp, from which we find the re-
flectance Rp � jrpj2, is given by {[7], Eq. (23)}

−rp �
Q1M 12 − i�M 11 − σ�
Q1M 12 � i�M 11 − σ�

� M 21 � iQ1�M 22 − σ�
−M 21 � iQ1�M 22 − σ�

:

(19)

Here, Mij are the (now complex) elements of the 2 × 2
matrix of one period of the stratification and Q1 �
q1∕n21 � �ω∕c�n−11 cos θ, where n1 and q1 are the refractive
index and normal component of the wave-vector in the
medium of incidence (assumed nonabsorbing). The quantity
σ, which is the absorbing large N limit of σN , is shown in
[7] to take one of two possible values (depending on which
has the smaller modulus):

σ� � exp��iϕ� � cos ϕ� i sin ϕ;

ϕ � arccos
1

2
�M 11 �M 22�: (20)

We note that the expressions in Eq. (19) are equivalent be-
cause the one-period matrix is unimodular,

M 11M 22 −M 12M 21 � 1; (21)

and because σ satisfies the quadratic equation {[7], Eq. (14)}

σ2 − �M 11 �M 22�σ � 1 � 0: (22)

Note also that the refractive index n2 of the substrate and the
number N of the stratification periods do not appear in the
reflection amplitude expressions (19). These expressions apply
when the product of N and the imaginary part of ϕ is large
compared to unity. (Near the reflectivity minimum in
Fig. 5, Imϕ has magnitude of ∼0.25. Most of Imϕ is due
to the position inside the stop band; only about 1% comes from
the absorption.)

The results listed so far are for any periodic stratification, that
is, for any periodic variation of the dielectric function
ϵ�z� � n2�z�. The most tractable, theoretically and experimen-
tally, is the periodic structure of alternating high and low indices,
as shown in Fig. 1. For this special case, the matrix M was
written down explicitly in Eq. (10) in terms of the normal
components qh, ql of the wave-vectors within the high- and
low-index materials [ϵh � �nh � ikh�2, ϵl � �nl � ikl�2].

The normal incidence reflectivity of an absorbing quarter-
wave stack, such as drawn in Fig. 1 but with small imaginary
parts of the refractive indices, was shown in Fig. 1 of [7] and
shows the expected rounding of the reflectivity from total re-
flection within the stop band. At normal incidence, there is no
difference between the s and p reflectivities.

In Figs. 5 and 6, we plot the p reflectivity contours for an
absorbing quarter-wave stack. As in the finite nonabsorbing
case, there is strong reflection within the stop band except
for the deep minimum inside the stop band: Rp ≈ 0.016 at
θ ≈ 88.5°, ω∕ω0 ≈ 1.23 for the parameters chosen. The loca-
tion and width of the minimum depends on the degree of ab-
sorption in both the high-index and low-index materials. For
example, as the imaginary parts of the refractive indices decrease
toward zero, the minimum in Fig. 5 disappears. If, instead of
the parameters of Figs. 5 and 6, we put nh � 2.35� 0.02i,

nl � 1.38, the minimum is weaker than if we put
nh � 2.35, nl � 1.38� 0.02i. For large absorption, the re-
flectance contours resemble those of a stack with small N .

N Im�ϕ� is largest inside the stop band, and therefore so is
the agreement between Figs. 5 and 6. As N increases from its
value 10 in Fig. 6, the reflectance within the stop band ap-
proaches that in Fig. 5 but more oscillations appear outside
the stop band. These oscillations have been smoothed by
the theory (which assumes N Im�ϕ� to be large everywhere)
in Fig. 5.

5. LOCATION OF THE Rp MINIMUM

From Eqs. (20) or (22), we see that the parameters σ� which
enter the reflection amplitude expressions in Eq. (19) can be
written as

σ� � 1

2
�M 11 �M 22� �

1

2
��M 11 �M 22�2 − 4�12: (23)

Hence the combination M 11 − σ, which enters into the first p
reflection amplitude in Eq. (19), is given by

M 11 − σ� � 1

2
�M 11 −M 22� 	

1

2
��M 11 �M 22�2 − 4�12:

(24)

The two terms on the right of Eq. (24) have equal magnitude
when M 11M 22 � 1. For absorbing media, the dielectric func-
tions ϵh, ϵl and thus also the wave-vector components qh, ql
are complex, and so are all the matrix elements. Thus, it is not
possible to make M 11 − σ vanish but it is possible to make the
real part vanish, at some frequency and angle of incidence, in
which caseM 11 − σ becomes equal to −iS, say. Let us also write
the complex matrix elements as

Mij � mij � ikij: (25)

Then the reflection amplitude and reflectance (at the frequency
and angle of incidence for which M 11 − σ � −iS) are equal to

Fig. 6. Reflectance Rp of an absorbing quarter-wave stack, with the
same parameters as in Fig. 5, calculated for N � 10. Note that the
reflectance is similar to that of Fig. 5 inside the stop band, but shows
oscillations outside the stop band.
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−rp �
Q1�m12 � ik12� − S
Q1�m12 � ik12� � S

;

Rp �
�Q1m12 − S�2 � Q2

1k
2
12

�Q1m12 � S�2 � Q2
1k

2
12

:
(26)

For weak absorption S is small, and so is Q1 �
�ω∕c�n−11 cos θ near glancing incidence; hence we may be able
to find an angle θm and frequency ωm at which Q1m12 � S.
Then the reflectance would become approximately

Rp�θm;ωm� ≈
k212
4m2

12

: (27)

The reflectance at minimum may thus be very small if the ma-
terials of the periodic multilayer structure are weakly absorbing
(N ≫ 1 is assumed).

To locate the reflectance minimum further, we make the
simplifying assumption that it occurs close to glancing inci-
dence, as in the example shown in Figs. 5 and 6. Near glancing
incidence, sin2 θ is nearly constant at unity, so in seeking to
make the real part of M 11 − σ vanish, we can take θ ≈ π

2
and find the angular frequency ωm at which M 11 − σ � −iS.
On the other hand, Q1 varies rapidly near glancing incidence,
going to zero as cos θ. Hence, we can substitute ω � ωm in the
equation Q1m12 � S to find θm.

For the λ∕4 stack with the parameters of Fig. 1, we find by
this procedure that the real part of M 11 − σ is zero at ω∕ω0 ≈
1.234 and ω∕ω0 ≈ 1.267, from m11m22 � 1 at glancing inci-
dence. The larger frequency gives a negative value of S, and m12

of nearly zero, so it is unsuitable. The value 1.234 for the fre-
quency ratio gives positive values of S and of m12, leading to a
glancing angle 90° − θ ≈ 1.456°. Both the frequency and glanc-
ing angle are in agreement with the values 1.23,1.5° of Fig. 5.
However, the expression (27), which only approximately mini-
mizes the reflectance in Eq. (26), gives 0.020 for the reflectance
at minimum compared with Rp ≈ 0.016 found numerically.

6. SUMMARY AND CONCLUSION

We have found a minimum in the reflectance of the p polari-
zation, localized within the stop band. This phenomenon has
not been remarked on by workers in the field of reflection by
absorbing periodically stratified media [1–5]. Of the two papers
that might have seen the effect, [4] is restricted to angles of
incidence less than 80° and [5] deals with periodic stacks of
graphene layers, where perhaps the absorption is so strong
as to drown the effect.

It is known that nonabsorbing periodic multilayers can
facilitate phenomena analogous to attenuated total reflection
([6], Sections 10.6, 10.7, and 12.6), which is associated (for
the p polarization) with electromagnetic surface waves. In
attenuated total reflection, the p reflectance can have a sharp
minimum in the total reflection region because of the presence
of an absorbing layer, usually a conductor. The conductor nor-
mally used in attenuated total reflection can be replaced by a
photonic band gap material [8], which is (as usual) entered by
the light beam through a high-index material. Reference [8]
gives examples of a TiO2jSiO2 multilayer which gives a low
reflectance of 632.8 nm light at about 49°. Reference [9] dis-
cusses the coupling between electromagnetic surface modes and

Bloch waves in multilayer stacks. Reflection minimums (at nor-
mal incidence) from a gold layer on top of a periodicGaAsjAlAs
multilayer have been studied recently [10]. These correspond
to the excitation of Tamm plasmons.

However, since finite nonabsorbing stacks show the reflec-
tion minimum also, the author’s view is that the physical cause
is simply destructive interference at very specific frequency and
angle of incidence. Absorption allows the reflectivity minimum
to persist in larger stacks; in effect it replaces the infinite stack
with a finite one, because the attenuation allows penetration
only to a finite depth.

A reviewer has suggested that it would be useful to shift the
angle of incidence at which the reflectivity minimum occurs to
more accessible values away from glancing incidence. This can
be done by entering from a medium of higher index than that
of the substrate and using a low–high multilayer instead of the
high–low configuration. Total reflection for θ ≥ θc �
arcsin n2∕n1 then locates the minimums at just below the criti-
cal angle θc . Figure 7 gives an example.
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