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New class of solutions to Laplace equation: Regularized multipoles of negative orders
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We introduce a new class of solutions to the Laplace equation, dubbed logopoles, and use them to derive
a new relation between solutions in prolate spheroidal and spherical coordinates. The main novelty is that it
involves spherical harmonics of the second kind, which have rarely been considered in physical problems because
they are singular on the entire z axis. Logopoles, in contrast, have a finite line singularity like solid spheroidal
harmonics, but are also closely related to solid spherical harmonics and can be viewed as an extension of the
standard multipole ladder toward the negative multipolar orders. As part of our derivations, we also found a new
integral representation for the spherical harmonics of the second kind in terms of their source distributions. As
an example application, we use logopoles to construct a fast converging series solution for the problem of a point
charge interaction with a dielectric sphere, which extends the basic image approximations introduced by Kelvin,
Kirkwood, and Friedman. We believe these new solutions will prove a fruitful alternative to either spherical or
spheroidal harmonics in a wide range of other physical problems.
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I. INTRODUCTION

The Laplace equation is the fundamental equation in
a wide range of physical problems including astronomy,
geophysics, electrostatics, and fluid mechanics [1–4]. It is
also strongly related to the even more pervasive Helmholtz
equation, which governs wave phenomena in, for example,
acoustic and electromagnetic scattering. The latter link is
both mathematical, since the solutions have similarities, and
physical, since the Laplace equation is the long-wavelength
limit of the Helmholtz equation. The solution of the Laplace
equation using the separation of variable method is a standard
textbook problem [1,5]. In spherical coordinates (r, θ , φ), the
angular part of the solution consists of spherical harmonics,
proportional to Pm

n (cos θ )eimφ , where n is a positive integer
called the multipole order, m is an integer satisfying |m| � n,
and Pm

n is the associated Legendre function of the first kind.
The radial part of the solution is of the form rn (finite at the
origin) or r−n−1 (singular at the origin, but regular at infinity).
This results in two types of solutions called solid spherical
harmonics (SSHs): the internal SSHs, rnPm

n (cos θ )eimφ , and
the external SSHs, r−n−1Pm

n (cos θ )eimφ . A similar approach
exists in other coordinate systems, and we will focus here on
prolate spheroidal coordinates (ξ , η, φ) defined by two focal
points. The angular dependence is similar, of the form Pm

n (η),
while the radial solution involves Legendre functions of the
first kind Pm

n (ξ ) (finite at the origin), or second kind Qm
n (ξ )
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(singular at ξ = 1, segment between the two foci, but regular
at infinity). The internal and external prolate spheroidal solid
harmonics (PSSHs) Pm

n (ξ )Pm
n (η)eimφ and Qm

n (ξ )Pm
n (η)eimφ are

commonly used in problems with spheroids or elongated ob-
jects. Other types of solutions have more recently been studied
[6–10], but none as fundamental and generally applicable as
SSHs and PSSHs. Interestingly, it was shown recently that
PSSHs also provide an advantage in problems with spherical
geometry [11], where the SSHs would have a priori been
better suited. Links between SSHs and PSSHs via series
expansions were derived more than a century ago [12].

Both external SSHs and PSSHs have bounded singularities
and go to zero at infinity, making them useful for solving
problems outside bounded domains. Although rarely men-
tioned or used, equivalent solutions exist where the angular
part takes the form of the associated Legendre functions of
the second kind, Qm

n (cos θ ). These are normally discarded
due to their singularities on the entire z axis, which pre-
cludes their application to bounded physical systems. We here
present a way around this problem by combining SSHs of
the second kind centered at two different origins to remove
the singularities at infinity. This approach can be understood
simply by considering the lowest order solution Q0(cos θ ).
Close to the z axis, it behaves as Q0(cos θ ) ∼ ln(z/ρ), where
ρ =

√
x2 + y2, hence the singularity for ρ = 0. Now let us

define two offset coordinate frames with origins O′ and O′′ at
z = R and z = −R on the z axis and their associated spherical
coordinates (r′, θ ′, φ) and (r′′, θ ′′, φ), see Fig. 1. We have for
small ρ

Q0(cos θ ′) − Q0(cos θ ′′) ∼
ρ→0

ln
z − R

ρ
− ln

z + R

ρ
+ O(ρ2)

∼
ρ→0

ln
z − R

z + R
+ O(ρ2), (1)
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FIG. 1. Schematic of the centered and offset spherical and pro-
late spheroidal coordinate systems considered in this work.

which is finite except on the segment between O′ and O′′.
By combining two offset SSHs of the second kind, we have
therefore obtained a solution whose singularity is bounded,
which makes such combinations suitable for solving practical
problems. Interestingly, the resulting segment singularity is
the same as that of the PSSH solutions when O′ and O′′
are chosen as the foci defining the spheroidal coordinates,
in fact the solution in Eq. (1) is the PSSH of order 0, Q0(ξ )
[11,13].

In this work, we explore further this idea. We generalize
this simple example to derive a new relationship between the
uncommon SSHs of the second kind and the more common
PSSHs. To prove this relation, we introduce a new class of
solutions, dubbed logopoles, that are closely related to both
spherical and spheroidal harmonics. Like the spheroidal har-
monics, they are singular on a bounded line segment and are
therefore suitable for modeling similar physical problems. We
discuss logopole properties, their relationships to spherical
and spheroidal harmonics, and possible applications. As an
example, we present one practical application of logopoles in
constructing a fast converging image series for the problem
of a point charge interaction with a dielectric sphere. Our
discussion of logopoles will be here restricted to harmonics
with m = 0, but they can be generalized to arbitrary m. This
generalization, although conceptually similar, is not straight-
forward and brings added technicalities, so will be presented
elsewhere to allow us to focus here on the concepts rather than

the mathematics. For the same reason, many secondary proofs
are given in the Appendixes.

This work suggests that the SSHs of the second kind and
the related logopoles may provide a fruitful alternative to
the common SSHs and PSSHs in some problems involving
the Laplace equation. The greatest benefits of these concepts
could be realized when extending them to other related equa-
tions, notably the Helmholtz equation.

II. NEW RELATIONSHIP INVOLVING SOLID SPHERICAL
HARMONICS OF THE SECOND KIND

We first present a new formula expressing PSSHs as a finite
sum of offset SSHs of the second kind at origins O′ and O′′:

Qn(ξ )Pn(η) =
n∑

k=0

(n + k)!

2k!2(n − k)!(2R)k

× [(−1)n+kr′′kQk (cos θ ′′) − r′kQk (cos θ ′)].
(2)

Pn are the Legendre polynomials and Qn the Legendre func-
tions of the second kind. Spherical coordinates (r, θ, φ) (with
u ≡ cos θ ) are centered at the origin O, cylindrical coordinates
are denoted (z, ρ, φ), and the offset coordinates (see Fig. 1)
can be expressed as

ρ ′ = ρ =
√

x2 + y2,

z′ = z − R,

r′ =
√

ρ2 + (z − R)2,

u′ = cos θ ′ = z′/r′,

ρ ′′ = ρ,

z′′ = z + R,

r′′ =
√

ρ2 + (z + R)2,

u′′ = cos θ ′′ = z′′/r′′.

The prolate spheroidal coordinates (ξ, η, φ) are taken with
foci at O′ and O′′and defined as in Ref. [1]:

ξ = r′′ + r′

2R
, η = r′′ − r′

2R
.

The right-hand side of Eq. (2) is a generalization of the simple
example in Eq. (1). It is a carefully chosen combination of
offset SSHs of the second kind that ensures their singularities
at infinity cancel out. The resulting sum is only singular on
the segment from O′ to O′′ and happens to correspond to the
PSSHs. It is known that Qn(ξ )Pn(η) can also be expanded as
a series of spherical harmonics of the first kind [12], but the
expansion is infinite and only converges outside the sphere of
radius R centered at the origin. In contrast, the sum in Eq. (2)
is finite and is valid everywhere except on the singularity line
from O′ to O′′. Equation (2) raises the prospect of the more
general applicability of SSHs of the second kind. Despite
the relative simplicity of this expression, we could not find
a simple proof, but propose a more indirect proof, which is
interesting in its own right as it leads us to introduce new
functions: logopoles.

III. LOGOPOLES

We define logopoles first through their integral represen-
tation, with a source distribution consisting of a finite line of
charge extending from O to O′ with charge density (z/R)n:

Ln = R
∫ 1

0

vndv√
ρ2 + (z − Rv)2

. (3)
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As we shall see later, this is similar to the spheroidal har-
monics integral representation. But we first manipulate this
definition to find closed form expressions and recurrence
relations, and in doing so we will see that logopoles are also
closely related to spherical harmonics of the second kind.
First, it is straightforward to expand logopoles as a series
of multipoles, by expanding the denominator in Eq. (3) as a
Taylor series in v and integrating each term, giving

Ln(r̂, θ, φ) =
∞∑

k=0

Sk

n + k + 1
, (4)

where Sn(r̂, θ, φ) = r̂−(n+1)Pn(cos θ ) are the external SSHs of
the first kind. For convenience, we have defined adimensional
“hat” coordinates that are scaled by R, for example, r̂ = r/R.
This series diverges for r < R but has the following analytic
continuation to all space except the line segment 0 � z � R
on the z axis:

Ln = S̃n −
n∑

k=0

(
n

k

)
S̃′

k, (5)

where S̃n(r̂, θ, φ) = r̂nQn(cos θ ) are the “internal” SSHs of
the second kind and the prime means that the function is
of primed coordinates: S̃′

n = S̃n(r̂′, θ ′, φ). This provides the
link with Eq. (2) and suggests that logopoles can be viewed
as a regularization of the internal SSHs of the second kind
(S̃n). The latter is singular on the z axis and diverges at ∞,
but the finite sum of offset SSHs in Eq. (5) removes this
singularity and divergence such that the logopoles are singular
only on the z axis between 0 � z � R. Equations (4) and (5)
could be used as alternative definitions for the logopoles. We
note that logopoles can also be expressed in terms of offset
multipoles S′

n (see Appendix A), or in terms of L0 to isolate the
logarithmic singularity (see Appendix B). The lowest-order
logopoles can be written as

L0 = ln
r′ − z′

r − z
= ln

r + z

r′ + z′ = Q0(ξ ), (6)

L1 = [uL0 − 1]r̂ + r̂′, (7)

L2 = 1

2
[(3u2 − 1)L0 − 3u]r̂2 + 1

2
[3ur̂ + 1]r̂′. (8)

Figure 2 presents plots of representative logopoles and
PSSHs.

We now sketch a derivation of Eq. (5), which gives further
insight into the link between logopoles and multipoles. We
start from the well-known expansion of an offset point charge
in terms of centered multipoles:

S′
0 = R

r′ =
∞∑

k=0

Sk, (9)

and note that differentiation along z is a ladder operator for
SSHs [14], explicitly

R∂zSn = −(n + 1)Sn+1. (10)

For this proof we will use integration instead of differ-
entiation to move down the other way on the multipole

FIG. 2. Intensity plots of a selection of low-order logopoles and
offset PSSHs with R = 2. For better visualization, the functions have
been rescaled and transformed by taking the arcsinh, which is similar
to plotting on a log scale but allows negative values. Red is positive,
blue negative. The solid lines represent equipotentials.

ladder: ∫
dẑSn = −Sn−1

n
+ f1(ρ), n � 1, (11)∫

dẑS0 = S̃0 + f2(ρ), (12)

with fi(ρ) arbitrary functions. Equation (11) derives from the
ladder operator expression and Eq. (12) is easily checked by
integrating explicitly. By integrating Eq. (9), we then obtain

S̃′
0 = S̃0 −

∞∑
k=0

Sk

k + 1
+ f (ρ). (13)

We prove in Appendix C that f (ρ) = 0 and recognize the
infinite series definition of L0, which therefore satisfies L0 =
S̃0 − S̃′

0. Since the series in Eq. (13) converges for z > R,
we must have that L0 is also finite there, even though S̃0 =
Q0(cos θ ) and S̃′

0 are singular on the z axis. This proves
Eq. (5) for n = 0. Logopoles of higher-order n can be obtained
through repeated integration with respect to z, as shown in
Appendix C.

The ladder operator applies to logopoles in a similar way
as to SSHs of the second kind:

R∂zS̃n = nS̃n−1, (14)

R∂zLn = n Ln−1 − S′
0. (15)

Equation (15) may be derived by differentiating the source
integral (3); see Appendix D. This simple relation is in stark
contrast with that for the spheroidal harmonics, where the
operator results in an infinite series [15]:

R∂z Qn(ξ )Pn(η) = −2
∞∑

k = n + 1
k + n odd

(2k + 1)Qk (ξ )Pk (η). (16)
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We can also show (see Appendix E) that the logopoles obey
the following recurrence relation (for n � 1):

(n + 1)Ln+1 − ẑ(2n + 1)Ln + r̂2nLn−1 = r̂′, (17)

which, up to the inhomogeneous term r̂′, is identical to the
recurrence for S̃n. Again, the PSSHs do not obey a similarly
simple recurrence. The recurrences (15) and (17) show that
logopoles are in some respect much closer to SSHs than to
PSSHs despite having a line singularity like the latter. In
addition, the proof by integration along with the radial depen-
dences (rn vs r−n−1) and Eq. (14) all suggest that the internal
SSHs of the second kind can be viewed as the extension of
external SSHs of the first kind to n < 0. Although the link
is not rigorous, we can write informally that S̃n ≡ S−n−1/0
where the division by zero represents what would result if
we naively extrapolated Eq. (11) through n = 0 [one could
argue rnPn(cos θ ) are the SSHs for n < 0, since P−n−1 = Pn,
but these do not fit on the same ladder described by the
operator ∂z]. As Ln provide a regularization of S̃n to ensure
the singularity remains bounded, the logopoles can therefore
be viewed as the most physical definition for multipoles of
negative orders.

IV. LINK BETWEEN LOGOPOLES
AND SPHEROIDAL HARMONICS

We now derive the relations linking logopoles to spheroidal
harmonics, from which a proof of Eq. (2) will result.
Spheroidal harmonics are known to be proportional to the
potential of a charge distribution on a finite line segment,
given by the Havelock formula [16,17]:

Qn(ξ )Pn(η) = R
∫ 1

−1

Pn(v)dv√
ρ2 + (z − Rv)2

. (18)

Since the singularity of the logopoles lies on the segment OO′
and that of PSSHs on O′O′′, we define a translated spheroidal
coordinate system with foci at O and O′ denoted ξ̄ , η̄:

ξ̄ = r + r′

R
, η̄ = r − r′

R
. (19)

The integral representation for offset PSSHs is easily derived
from Eq. (18):

Qn(ξ̄ )Pn(η̄) =R

2

∫ 1

0

Pn(2v − 1)dv√
ρ2 + (z − Rv)2

. (20)

The similarities with the integral representation of logopoles
is clear: The singularity is the same and while spheroidal
harmonics are produced by Legendre polynomial charge dis-
tributions, logopoles are produced by monomial distributions.
This link can be made explicit by expanding the Legendre
polynomials Pn(x) as a series of powers of (x + 1) [see
Eq. (F5)] and setting x ≡ 2v − 1:

Pn(2v − 1) =
n∑

p=0

(−)n+p(n + p)!

p!2(n − p)!
vp. (21)

Substituting in Eq. (20) and recognizing the integral represen-
tation of logopoles, we deduce

Qn(ξ̄ )Pn(η̄) =
n∑

p=0

(−1)p+n(n + p)!

2 p!2(n − p)!
Lp. (22)

Using the inverse relationship of Eq. (21), we also obtain

Ln =
n∑

k=0

2n!2(2k + 1)

(n − k)!(n + k + 1)!
Qk (ξ̄ )Pk (η̄). (23)

We note that these expansions have the same coefficients (up
to a factor of 2) as those that relate internal PSSHs Pn(ξ̄ )Pn(η̄)
to internal SSHs rnPn(cos θ ) [Eq. (A.2) in Ref. [18] for m =
0], in which rnPn(cos θ ) would take the place of Ln, and Pn(ξ̄ )
the place of Qn(ξ̄ ). This is yet another similarity between lo-
gopoles and multipoles. We also see that logopoles for n�N
span the same space as offset PSSHs with n � N , providing
an alternative basis to that space. We have not been able at
this stage to prove or disprove the completeness of the infinite
set of Ln. It is also worth pointing out that since logopoles are
positive functions [from Eq. (3)], they cannot satisfy the same
orthogonality relations as spheroidal or spherical harmonics.

We can now return to the proof of Eq. (2). Substituting
Eq. (5) into Eq. (22) and simplifying using a binomial identity
(see Appendix F), we obtain the offset PSSHs as a finite sum
of SSHs of the second kind:

Qn(ξ̄ )Pn(η̄) =
n∑

k=0

(n + k)!

2k!2(n − k)!
[(−1)n+kS̃k − S̃′

k]. (24)

This relation is similar to Eq. (2) except that the spheroidal
coordinates are offset (singular on OO′). To find the equivalent
relation for normal spheroidal coordinates (singular on O′′O′),
we apply the successive transformations R → 2R and z →
z + R, which results in Eq. (2), as required.

V. INTEGRAL REPRESENTATION FOR SPHERICAL
HARMONICS OF THE SECOND KIND

Finally, given the interpretation of logopoles as regularized
SSHs of the second kind, it would be instructive to compare
Eq. (3) to the source integral for S̃n. We show in Appendix G
that S̃n may indeed be expressed as a line source distribution
on the entire z axis:

S̃n = lim
a→∞

⎧⎪⎨
⎪⎩

R

2

∫ a

−a

sign(v)vndv√
ρ2 + (z − Rv)2

−
n∑

k = 0
n − k odd

an−k

n − k
r̂kPk (cos θ )

⎫⎪⎬
⎪⎭. (25)

This new relation explains why these functions are normally
neglected from physical analysis: the source for S̃n is the
difference between a divergent line source on the entire z axis
and a sum of divergent multipoles from sources at r = ∞,
both containing infinite charge. Logopoles, in contrast, can be
seen as a regularization of the SSHs of the second kind, with
an identical charge distribution on the z axis but truncated to
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FIG. 3. Schematic of the problem of a point charge interacting
with a dielectric sphere.

a finite length. Comparing the integral forms also provides an
intuitive explanation for the binomial coefficients occurring
in the expansions of logopoles and spheroidal harmonics as
finite sums of SSHs of the second kind [Eqs. (5) and (2)]. The
coefficients ( n

k ) and ( n
k )( n+k

k ) are the same as those arising
in the expansion of vn as a binomial expansion in (v − 1)k ,
and of Pn(v) in powers of (v + 1)k and (v − 1)k [although
this does not show that the diverging finite sums in Eq. (25)
cancel].

VI. EXAMPLE APPLICATION: POINT CHARGE
INTERACTION WITH DIELECTRIC SPHERE

We now discuss one possible application of logopoles:
to calculate the potential of a point charge near a dielectric
sphere. This classic problem can be solved using spherical
harmonics [5], but the series converges very slowly when
the point charge is close to the sphere [19]. It was recently
shown that using PSSHs instead of SSHs could dramatically
improve the convergence of the solution [11]. We will show
that logopoles provide an even faster converging solution.

Consider a point charge located at RP on the z axis outside
a sphere centered at the origin of radius a and permittivity εi

in a medium of permittivity εo, as shown in Fig. 3. The relative
permittivity is denoted ε = εi/εo. Outside the sphere, we write
the electric potential as Vout = Ve + Vr where Ve is the exciting
potential due to the source charge and Vr is the reflected
potential due to the sphere. The boundary conditions are
continuity of the potential and discontinuity of its derivative:

Vin = Vout|r=a, ε∂rVin = ∂rVout|r=a. (26)

The problem has a straightforward solution as a series of
spherical harmonics [5]:

Ve = V0
a√

ρ2 + (z − RP )2
, (27)

Vr = −V0
ε − 1

ε + 1

∞∑
n=0

n

n + α

(
RI

r

)n+1

Pn(cos θ ), (28)

where

α = 1

ε + 1
, RI = a2

RP
, V0 = q

4πεoa
. (29)

The point (ρ = 0, z = RI ) is the inversion point of the source,
and is the location of the Kelvin image charge for per-
fectly conducting sphere. The series (28) converges extremely
slowly when the point source is near the surface, hence much
work has been done on arranging this solution into more
computable forms, where the series is split into similar series
with analytic expressions plus a faster converging remainder
[20–25].

We propose a similar approach using logopoles. We will
choose point O′ at the image position to make the link with
logopoles and within our previous notations, we therefore
have R ≡ RI and Sn ≡ (RI/r)n+1Pn(cos θ ). We then split the
series for Vr as follows:

∞∑
n=0

n

n + α
Sn =

∞∑
n=0

[
1 − α

n + α

]
Sn. (30)

The first term can be identified as the series for an offset point
charge at the Kelvin image location:

∞∑
n=0

Sn = R

r′ = R√
ρ2 + (z − R)2

, (31)

and the second term containing 1/(n + α) is actually a lo-
gopole of order α − 1; its line integral expression is given for
example in Refs. [26,27]:

Lα−1 =
∫ 1

0

vα−1dv√
ρ2 + (z − Rv)2

. (32)

While the various logopole properties are not much help for
noninteger orders, we note that the remaining series converges
faster than the original series in Eq. (28), and our approach
from here will be to continue subtracting terms from the
series so that the remainder converges faster. This is similar to
the Friedman image approximations [20] which are obtained
by expanding 1/(n + α) in powers of α/(n + 1); the key is
that each successive subtraction leaves the remainder with an
extra power of 1/(n + 1), increasing the rate of convergence.
However, only an analytic expression has been found for the
first term only (which in fact is L0). Instead we propose a more
complicated decomposition:

1

n + α
= 1

n + 1
+ 1 − α

(n + 1)(n + α)
(33)

= 1

n + 1
+ 1 − α

(n + 1)(n + 2)
+ (1 − α)(2 − α)

(n + 1)(n + 2)(n + α)

= 1

n + 1
+ 1 − α

(n + 1)(n + 2)
+ (1 − α)(2 − α)

(n + 1)(n + 2)(n + 3)

+ (1 − α)(2 − α)(3 − α)

(n + 1)(n + 2)(n + 3)(n + α)

= · · · . (34)

Decomposing the series in this more complex way allows
us to find closed forms for the subtracted series at every step,
not just the first and second. These successive subtractions can
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be viewed as image approximations, and will be expressible
in terms of logopoles. The last term with the factor 1/(n + α)
converges more quickly as more terms are subtracted. This
type of extraction of analytic terms to leave a fast converging
remainder is known as a Kummer acceleration or transforma-
tion [28]. If this process is continued K times, we have

n

n + α
= 1 − α

K∑
k=0

n!(1 − α)k

(n + k + 1)!
− n!(1 − α)K+1

(n + K + 1)!

α

n + α
,

(35)

where (1 − α)k = ∏k
p=1(p − α) is the rising factorial. Putting

Eq. (35) back into the the reflected potential [Eq. (28)] and
swapping the order of the summation of n and k,

Vr = − V0
ε − 1

ε + 1

[
RI

rI
− α

K∑
k=0

(1 − α)k

∞∑
n=0

n!Sn

(n + k + 1)!

−
∞∑

n=0

n!(1 − α)K+1

(n + K + 1)!

α

n + α
Sn

]
. (36)

The first series over n in Eq. (36) resembles the series
definition for logopoles of order k in terms of offset SSHs
[Eq. (A1)]. To make the link, we consider logopoles under
the transformation z → R − z, for which S′

n(z → R − z) =
(−1)nSn. We then deduce from Eq. (A1) that

L̄k ≡ Lk (z→R − z) =
∞∑

n=0

n!k!

(n + k + 1)!
Sn. (37)

In effect we have started with the logopole of order α − 1 in
Eq. (30) and expanded it in terms of flipped logopoles up to
order K , leaving the remainder as a fast converging multipole
series. Of course L̄k share analogous properties with Lk , for
example, by transforming Eq. (5), we find closed forms for
L̄k :

L̄k = (−1)k (r̂′)kQk (cos θ ′) −
k∑

p=0

(−1)p

(
k

p

)
r̂ pQp(cos θ ).

(38)

or L̄k can be computed via a recurrence similar to Eq. (17)
(although both Eqs. (38) and (17) become significantly nu-
merically unstable for n � 20).

The reflected potential may finally be expressed as a sum
of logopoles and spherical harmonics:

Vr = − V0
ε − 1

ε + 1

[
RI

rI
− α

K∑
k=0

(1 − α)k

k!
L̄k

−
∞∑

n=0

n!(1 − α)K+1

(n + K + 1)!

α

n + α
Sn

]
. (39)

We then have a finite series of K terms including logopoles
and an infinite series of spherical harmonics. K can in prin-
ciple be chosen as desired. As K increases, the remaining
infinite series converges faster as its terms decrease as n−K−2.
However, the series of logopoles alone converges slowly as K
increases so choosing K too large can be counterproductive.
K should be chosen depending on the required degree of
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FIG. 4. Comparisons of the relative error in the computed re-
flected potential of a point charge near a dielectric sphere with
dielectric constant 1.5. The charge is located at a distance 0.01a
from the sphere, with a its radius, and the reflected potential is
calculated at the point charge location using either the spherical
harmonic solution (28), the spheroidal harmonic solution from
Ref. [11], and the logopole/spherical harmonic solution (39) with
K = 10.

accuracy, which also will depend on the truncation N of the
infinite series. We found empirically that to minimize the total
number of terms needed to reach a given accuracy, one should
use N ≈ K . This fast convergence is illustrated in Fig. 4 and
compared to the series using only spherical or spheroidal
harmonics.

There is another way to view this approach. Considering
the line charge distribution for Lα−1 in Eq. (32), we can ex-
pand the distribution vα−1 in a Taylor series in (1 − v)k up to
k = K . Since the Taylor series is a better approximation near
the point v = 1, the remaining charge distribution becomes
more confined to the origin, which intuitively explains the
faster convergence of the multipole series.

It is worth noting that the corresponding problem for
layered spheres has been recently considered in terms of
images [29], and may benefit from a similar approach to that
described here.

VII. CONCLUSION AND OUTLOOK

We conclude by discussing possible implications of this
work. Logopoles are potentially interesting in several re-
spects. They are strongly related to spheroidal harmonics
through the finite sums in Eqs. (22) and (23) and the common
singularity. Given this simple change of basis relating them,
one could argue that logopoles may provide no additional
benefit over spheroidal harmonics. But we instead believe that
both are useful depending on the context, in the same way
as one uses Legendre polynomials or monomials for different
applications. We have presented one example application, for
a point charge near a dielectric sphere, where logopoles are
better suited than PSSHs, and we believe more will be found.
In addition, in contrast to PSSHs, logopoles have a special
link to spherical harmonics and can be viewed as regularized
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multipoles of negative order with many similar properties. We
believe this duplicity also makes the logopoles a fruitful con-
cept that deserves further investigation. It moreover highlights
the fact that spherical harmonics of the second kind, which
are most often neglected from physical analysis, can actually
be used to construct localized charge distributions, another
concept worth additional investigation. We have generalized
this work to the case of a general m, and although there are
additional mathematical technicalities, the physical interpre-
tation remains similar; this will be presented elsewhere. The
application presented here regarding point source interaction
with a sphere may also be generalized to dipolar sources using
logopoles with m = 1, and to internal sources and internal
fields. Perhaps similar interesting functions can be related
to the oblate spheroidal harmonics. More work will also be
needed to improve the practical computation of logopoles,
since the definitions given here are either numerically unstable
in some regions of space for large n or not computationally
efficient.

Finally, we speculate that the greatest benefits of these new
ideas may come from applying them to the Helmholtz equa-
tion ∇2V + k2V = 0. The standard solutions in spheroidal co-
ordinates, spheroidal wave functions, are not as user friendly
and well behaved as the PSSHs, which render their application
much more cumbersome [30]. The ideas developed here could
be applied to find better alternatives. For example, our Eqs. (4)
and (3) and Eq. A.5 in Ref. [18] can all be generalized to the
scalar Helmholtz equation:

H (1)
n =

∞∑
k=0

hk (kr)Pk (cos θ )

n + k + 1
, (40)

H (2)
n = R

∫ 1

0

vndv eik
√

ρ2+(z−Rv)2√
ρ2 + (z − Rv)2

, (41)

H (3)
n =

∞∑
k=n

k!2 hk (kr)Pk (cos θ )

2(k − n)!(k + n + 1)!
, (42)

with hk the spherical Hankel functions. These are just a few
possible alternatives to spheroidal wave functions, with iden-
tical line singularity as suggested from their long-wavelength
limit. These could provide simpler or more efficient al-
ternatives for the solution of wave-scattering problems by
spheroidal and elongated objects. For all these reasons, we
believe that logopoles and related functions will become a
fundamental tool of mathematical physics, alongside multi-
poles and spheroidal harmonics.
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APPENDIX A: EXPRESSING LOGOPOLES AS A SERIES
OF OFFSET MULTIPOLES

As an alternative series definition to Eq. (4), we can also
express Ln as a series of SSHs in the offset frame centered on
O′:

Ln =
∞∑

k=0

(−1)k n!k!

(n + k + 1)!
S′

k, r′ > R, (A1)

which is proved below.
The spherical solid harmonics can be expanded on an offset

basis at O′ [31]:

Sk =
∞∑

p=k

(−)k+p

(
p

k

)
S′

p. (A2)

Inserting this into the original series definition of logopoles
[Eq. (4)] and rearranging,

Ln =
∞∑

p=0

S′
p

p∑
k=0

(−)k+p

n + k + 1

(
p

k

)
=

∞∑
p=0

(−)pn!p!

(n + p + 1)!
S′

p.

(A3)

Here we used a binomial transform identity: Eq. 4.4 in
Ref. [32] for y ≡ n + 1.

APPENDIX B: EXPRESSING LOGOPOLES
Ln IN TERMS OF L0

While the expression of logopoles in terms of offset SSHs
of the second kind, Eq. (5), is the analytic continuation of the
logopoles in all space, it is not obvious that the logopoles are
finite on the z axis for z > R and z < 0. To show this, we can
express the Legendre functions as Qn = PnQ0 − Wn−1, where

Wn−1(x) =
n∑

k=1

Pk−1(x)Pn−k (x)

k
(B1)

is a polynomial of degree n − 1 [33]. We then use the transla-
tion relation for internal spherical harmonics [31]

n∑
k=0

(
n

k

)
r̂′kPk (u′) = r̂nPn(u) (B2)

to isolate the logarithmic part in Eq. (5):

Ln = r̂n[Pn(u)L0 − Wn−1(u)] +
n∑

k=0

(
n

k

)
r̂′kWk−1(u′). (B3)

The singularity on 0 < z < R is then entirely contained within
L0. This equation also provides a relatively simple analytic
expression for the lowest orders of the logopoles.

APPENDIX C: PROOF OF EQ. (5), ANALYTIC
CONTINUATION OF LOGOPOLES

1. Proof by induction

Starting from the series definition of logopoles Eq. (4),
we aim to prove their analytic continuation as a finite sum
of offset spherical harmonics of the second kind Eq. (5),
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explicitly:

S̃n −
n∑

p=0

n!S̃′
p

p!(n − p)!
=

∞∑
k=0

Sk

k + n + 1
, (C1)

which will be proved by induction on n. The base case was
covered in the main text. Now assume Eq. (C1) is valid for
case n, we then integrate with respect to z and re-index the
summations to get up to an arbitrary function f (ρ):

S̃n+1

n + 1
−

n∑
p=0

n!S̃′
p+1

(p + 1)!(n − p)!

= S̃0 −
∞∑

k=1

Sk−1

k(k + n + 1)
+ f (ρ)

⇒ S̃n+1 −
n∑

p=1

(n + 1)!S̃′
p

p!(n + 1 − p)!

= S̃0 −
∞∑

k=0

[
Sk

k + 1
− Sk

k + n + 2

]
+ f (ρ). (C2)

The sum of Sk/(k + 1) can be simplified using Eq. (13), and
rearranging gives case n + 1 up to some f (ρ).

2. Proof of f (ρ) = 0

First observe that f (ρ) must be a solution of the Laplace
equation because it is a sum of other solutions. The Laplace
equation for f (ρ) is simply ∂ρ[ρ∂ρ f ] = 0, which has the gen-
eral solution f = f0 ln(ρ/ρ0). Then by showing that f (0) = 0
it follows that f (ρ) = 0. To show this we will evaluate
Eq. (C1) at ρ = 0, z > R. The right-hand side of Eq. (C1) is

RHS(C1) =
∞∑

k=0

r̂−k−1

n + k + 1
.

For the left-hand side we use the equivalent Eq. (B3), which
can be used on the z axis without the problem of S̃n being
singular on the entire axis. For ρ = 0, z > R, we have u =
u′ = 1, r̂′ = r̂ − 1, and Wn−1(1) = Hn = ∑n

k=1 1/k, the nth
harmonic number. And L0 is expressed using Eq. (4) for
n = 0.

LHS(C1)

= r̂n[L0 − Hn] +
n∑

k=0

(
n

k

)
(r̂ − 1)kHk

=
∞∑

k=0

r̂n−k−1

k + 1
− r̂nHn +

n∑
k=0

k∑
p=0

(
k

p

)(
n

k

)
Hk (−)k+pr̂ p

=
∞∑

q=−n

r̂−q−1

n + q + 1
+

n−1∑
p=0

n∑
k=p

(
n

k

)(
k

p

)
Hk (−)k+pr̂ p,

We then use the identity (proved below)

n∑
k=p

(−)k+p

(
n

k

)(
k

p

)
Hk = −1

n − p
(p < n), (C3)

to obtain

LHS(C1) =
∞∑

q=−n

r̂−q−1

n + q + 1
−

n−1∑
p=0

r̂ p

n − p

=
∞∑

q=−n

r̂−q−1

n + q + 1
−

−1∑
q=−n

r̂−q−1

n + q + 1
= RHS(C1).

This proves that f (0) = 0 and therefore f (ρ) = 0.

3. Proof of auxiliary identity, Eq. (C3)

Equation (C3) can be proved by induction on p. The base
case for p = 0, n > 0 is Eq. 9.3a in Ref. [32] and is also
proven in Ref. [34]. Assuming the identity is valid for a
given p and all n > p, we consider the n + 1, p + 1 cases.
We will use the recurrence property of the harmonic numbers:
Hk+1 = Hk + 1/(k + 1). Then

n+1∑
k=p+1

(−)k

(
n + 1

k

)(
k

p + 1

)
Hk

= −
n∑

k=p

(−)k

(
n + 1

k + 1

)(
k + 1

p + 1

)[
Hk + 1

k + 1

]

= − (−)p

n − p

n + 1

p + 1
− 1

p + 1

n∑
k=p

(−)k

(
n + 1

k + 1

)(
k

p

)
, (C4)

where we used ( k+1
p+1 ) = k+1

p+1 ( k
p ) and Eq. (C3). Now we derive

another identity to simplify the sum over k, by applying the
binomial theorem to xn+1 twice:

xn+1 =
n+1∑
k=0

(
n + 1

k

)
(x − 1)k

= 1 +
n∑

k=0

(
n + 1

k + 1

)
(x − 1)k (x − 1)

= 1 +
n∑

k=0

(
n + 1

k + 1

) k∑
p=0

(
k

p

)
(−)k+pxp(x − 1). (C5)

By rearranging the order of summation and matching the
coefficients of each power of x, it must be that

n∑
k=p

(
n + 1

k + 1

)(
k

p

)
(−)k+p = 1. (C6)

Insert this into Eq. (C4) to show that the case n + 1, p + 1
holds.

APPENDIX D: PROOF OF EQ. (15), LADDER-TYPE
DERIVATIVE OF LOGOPOLES.

Starting from the source integral (3), we want to show that

R
∂

∂z

∫ 1

0

vndv√
ρ2 + (z−Rv)2

= n
∫ 1

0

vn−1dv√
ρ2 + (z−Rv)2

− R

r′ .

(D1)
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First we take the derivative inside the integral and recognize it is equivalent to differentiating with respect to v as follows:∫ 1

0
vndvR

∂

∂z

1√
ρ2 + (z − Rv)2

= −
∫ 1

0
vndv

∂

∂v

1√
ρ2 + (z − Rv)2

. (D2)

Then by integration by parts
∫

u dw = uw − ∫
w du with u = vn, w = ∂v (ρ2 + (z − Rv)2)−1/2dv gives the desired result.

APPENDIX E: PROOF OF EQ. (17), RECURRENCE RELATION FOR LOGOPOLES

This can be derived from the integral definition, Eq. (3). Consider

∫ 1

0

d

dv

(
vn

R

√
ρ2 + (z − Rv)2

)
dv (E1)

For n > 0, this integrates to 1n
√

ρ2 + (z − R)2/R = r̂′ by the fundamental theorem of calculus. Alternatively, expanding the
derivative in the integrand and rearranging leads to

∫ 1

0

nvn−1(ρ2 + z2) − (2n + 1)zrvn + (n + 1)R2vn+1

R
√

ρ2 + (z − v)2
dv, (E2)

which, using Eq. (3) for n − 1, n, and n + 1, can be recognized as the left-hand side of the recursion relation (17).

APPENDIX F: PROOF OF EQ. (24), EXPANSION OF OFFSET SPHEROIDAL HARMONICS IN TERMS OF SPHERICAL
HARMONICS OF SECOND KIND

We first substitute Eq. (5) into Eq. (22):

Qn(ξ̄ )Pn(η̄) =
n∑

k=0

(n + k)!

2k!2(n − k)!

⎡
⎣(−)n+kS̃k −

k∑
p=0

(−)n+k

(
k

p

)
S̃′

p

⎤
⎦. (F1)

The double sum can be simplified by swapping the summation order to

�� =
n∑

p=0

S̃′
p

n∑
k=p

(−)n+k

(
k

p

)
(n + k)!

2k!2(n − k)!
. (F2)

Using the following identity, which we will prove below,

n∑
k=p

(−)k (n + k)!

k!(k − p)!(n − k)!
= (−)n(n + p)!

p!(n − p)!
, (F3)

we deduce

�� =
n∑

p=0

(n + p)!

2p!2(n − p)!
S̃′

p. (F4)

Substituting back into Eq. (F1), and re-indexing k → p, we obtain Eq. (24) as required.
To prove the combinatorial identity [Eq. (F3)], we start from the expansions of Pn(x) in powers of (x + 1) and (x − 1):

Pn(x) =
n∑

p=0

(−)n+p(n + p)!

p!2(n − p)!

(x + 1)p

2p
(F5)

=
n∑

k=0

(n + k)!

k!2(n − k)!

(x − 1)k

2k
. (F6)
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Then expressing [(x − 1)/2]k as a binomial series of (x + 1)/2:

Pn(x) =
n∑

k=0

(n + k)!

k!2(n − k)!

k∑
p=0

(−)k+p

(
k

p

)
(x + 1)p

2p
. (F7)

Rearranging the summation order, then equating each coefficient of (x + 1)p in Eqs. (F5) and (F7) gives the required identity
Eq. (F3).

APPENDIX G: PROOF OF EQ. (25), LINE INTEGRAL FORM FOR SPHERICAL HARMONICS
OF THE SECOND KIND

First of all, informally the charge distribution sign(v)vn can be obtained from the behavior rn near the z axis and the
antisymmetry of Qn(cos θ ) about z. But we will prove Eq. (25) more formally by recurrence using

(n + 1)S̃n+1 = (2n + 1)r̂uS̃n − nr̂2S̃n−1. (G1)

The base cases n = 0, 1 can be obtained from direct evaluation of the integral, by splitting the integration as
∫ a
−a sign(v) =∫ a

0 − ∫ 0
−a. Now substituting the assumed integrals for S̃n, S̃n−1,

(n + 1)S̃n+1 = lim
a→∞

⎧⎪⎨
⎪⎩

2n + 1

2
r̂u

∫ a

−a

sign(v)vndv√
r̂2 − 2r̂uv + v2

− n

2
r̂2

∫ a

−a

sign(v)vn−1dv√
r̂2 − 2r̂uv + v2

−
n−1∑

k = 0
n − k odd

an−k

n − k
r̂k+1(2n + 1)uPk

+
n−2∑

k = 0
n − k even

an−1−k

n − 1 − k
r̂k+1nPk

⎫⎪⎬
⎪⎭. (G2)

We will show that the right-hand side leads to Eq. (25) for S̃n+1. The two integrals can be dealt with identity 2.263.1 of [35] with
n → 0, m → n, and re-indexing k → k − 1 in the sum for S̃n−1. This gives

(n + 1)S̃n+1 = lim
a→∞

⎧⎪⎨
⎪⎩

n + 1

2

∫ a

−a

sign(v)vn+1dv√
r̂2 − 2r̂uv + v2

− 1

2
[
√

r̂2 − 2r̂uv + v2vn]a
−a −

n−1∑
k = 0

n − k odd

an−k

n − k
r̂k+1[(2n + 1)uPk − nPk−1]

⎫⎪⎬
⎪⎭.

(G3)

In this proof for convenience we use the convention Pn = 0 if n < 0.
√

r̂2 − 2r̂uv + v2 can be expanded as a series by integrating
the generating function for the Legendre polynomials.

√
r̂2 − 2r̂uv + v2 =

∞∑
k=−1

r̂k+1

vk

Pk−1 − Pk+1

2k + 1
. (G4)

Substituting in the bounds and noting that in the limit a → ∞, we can ignore terms in Eq. (G4) that lead to negative powers of
a:

1

2
[
√

r̂2 − 2r̂uv + v2vn]a
−a =

n−1∑
k = −1

n − k odd

an−k r̂k+1 Pk−1 − Pk+1

2k + 1
. (G5)

Substituting this in Eq. (G3), using the recurrence relation for the Legendre polynomials, and rearranging gives the required
expression for (n + 1)S̃n+1.
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