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Abstract

We derive analytical expressions for the surface- and orientation-averaged sur-

face enhanced Raman scattering factor (SERS EF) for small plasmonic spher-

oids. These expressions are derived taking into account the Stokes shift and

are shown to result in very different EFs to those in the jEj4-approximation for

experimentally relevant parameters. The optical properties of spheroids are

treated in terms of the common and improved electrostatic approximations

(EA and IEA). The latter is newly introduced here and includes radiative

damping, depolarization effects, and interactions with higher order multipoles,

thus giving perfect agreement with exact T-matrix calculations of far-field cross

sections and near-field SERS EFs over a much wider range of sizes. These

accurate analytical expressions will be particularly relevant to SERS experi-

ments in colloidal solutions where surface averaging (because of random

molecular adsorption) and particle orientation averaging must both be taken

into account. Comparison with recent experimental data and simulations for

cigar-like particles show that the spheroid model tends to overestimate the

SERS EF because of the higher curvature at the tips. Possible ways to general-

ize the analytic solution to other axially symmetrical particles are discussed.
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1 | INTRODUCTION

Raman spectroscopy is a powerful analytical tool for the
study of molecules and their local environment in
condensed phases, giving unique information about
molecular vibration modes. However, the Raman
scattering cross section is too small (10−30 − 10−24cm2/sr)
for practical use in the same way as fluorescent dyes,
which have cross section of about 10−16cm2/sr.[1] This
explains why Raman spectroscopy has only found wide
application after the discovery of the possible enormous

enhancement by metal nanostructures,[2–4] the develop-
ment of technologies for fabrication of plasmonic
nanoparticles with desired properties,[5] and notable
progress in Raman spectrometers available on the mar-
ket. As a result, a new scientific field—surface enhanced
Raman scattering (SERS)—has been established, and the
present and future of SERS was discussed recently.[6]

The main mechanism of SERS is the enhancement of
local electromagnetic (EM) fields under resonance
plasmonic excitation.[7] An additional chemical SERS
enhancement[8] may also arise from charge transfer
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interactions between Raman molecules and plasmonic
particles and its contribution is generally small
compared with the EM one. Although the EM mecha-
nism has been recognized for a long time,[9] the interplay
between the near-field SERS response and far-field
properties of plasmonic structures is still far from
being completely understood. For example, significant
discrepancies between the theoretically predicted and
measured dependences of the SERS enhancement
factors with the aspect ratio or the localized plasmon
resonance (LPR) wavelength have recently been
reported for Au nanorods (AuNRs) functionalized
with 1,4-nitrobenzenethiol (NBT).[10] Existing synthesis
protocols[11–13] allow fabrication of high-quality AuNRs
with finely controlled geometrical parameters and longi-
tudinal LPR wavelength from vis to NIR. Moreover, by
chemical etching of long AuNRs,[14] it is possible to tune
their LPR wavelength with accuracy of about 1 nm.[15]

This makes AuNRs a convenient experimental model
to correlate SERS response with plasmonic properties
of nanoparticles in colloids[16] and in single-particle
experiments.[17]

The SERS enhancement consist of the plasmonic
local-field enhancement at the laser frequency ωL,
Mloc(ωL) � jEloc(ωL)j2, and the enhanced scattering of
dipole radiation (DR) emitted at the Raman-shifted
frequency ωR, MRad(ωR). The resultant SERS EF is
EF = Mloc(ωL)MRad(ωR). The first contribution is given by
solution of a plane wave (PW) electromagnetic problem.
For the second contribution, the source is the dipole
located near a plasmonic particle. This problem can be
solved with the dipole Green function.[18] Another
approach to the rigorous treatment of the DR
contribution is based on the optical reciprocity theorem
(ORT),[19] which avoids Green function singularities by
consideration of two specific PW problems. Because of
optical reciprocity,[19] the DR enhancement MRad(ωR)
can in general be approximated by jEloc(ωR)j2. Although
this approximation formally looks as the PW enhance-
ment at the Raman-shifted frequency, the ORT clearly
demonstrates that in fact it is an approximation for
quite a different DR problem. Thus, owing to optical
reciprocity,[19] the total SERS enhancement can be
approximated by the product of the local-field intensities
jEloc(ω)j2jEloc(ωR)j2, where the second term jEloc(ωR)j2
takes into account the interaction between the emission
from the excited dipole molecule and the plasmonic
particle, as required[18,20] and as explained in more detail
elsewhere.[21,22] This approximation still makes a number
of assumptions, in particular neglecting the tensorial
nature of the Raman process, and therefore the field
polarization and molecular orientation effects.[22,23]

This approximation nevertheless provides the best

theoretical estimate to compare to experiments, espe-
cially given that tensorial aspects are hard to quantify
experimentally.[23,24]

For nonspherical particles in colloidal solution,
the SERS enhancement factor should be averaged over
the particle surface and orientations and possibly over
the particle size and shape distributions. Although such
calculations can be done numerically with finite-
difference time-domain (FDTD) methods or finite
element modeling (FEM), this is not an optimal strategy
for multiple simulations aimed, for example, at the ratio-
nal design of the most efficient SERS tags. Therefore, it
would be desirable to have a simple yet accurate analyti-
cal solution for the surface- and orientation-averaged
SERS enhancement factor hEFi = hjEloc(ω)j2jEloc(ωR)j2i.

In this work, we derive new analytical expressions for
this surface- and orientation-averaged EF for spheroidal
particles. The local-field properties on the particle surface
are calculated either within the common electrostatic
approximation (EA)[25] or using a novel improved elec-
trostatic approximation (IEA),[26] which includes radia-
tive damping, depolarization effects, and interactions
with higher order multipoles, thus giving excellent agree-
ment with exact T-matrix solutions[27] over a much wider
range of particle size. The results are also compared with
more realistic cigar-like particle model, calculated from
surface integral equation (SIE)[28,29] simulations.

2 | ANALYTICAL SOLUTIONS FOR
THE AVERAGED ENHANCEMENT
FACTORS

2.1 | Electrostatic approximation (EA)

We consider a prolate spheroidal particle with half axes
(b,b,a) as shown schematically in Figure 1; the symmetry
axis a > b is directed along the z-axis of the particle frame
(here, we follow the definitions in Majic et al.,[26] which

FIGURE 1 Schematics of the problem under consideration
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differs from that in the book [Le Ru and Etchegoin[21]]
where the symmetry axis is directed along the x-axis).
Our goal is to calculate the averaged SERS EF:

EFSh i= 1
S

ð
Eloc ωLð Þj j2 Eloc ωRð Þj j2dS

� �
= Eloc ωLð Þj j2 Eloc ωRð Þj j2� �

S

D E
,

ð1Þ

where the outer angular brackets designate the averaging
over orientations of particles or, equivalently in the EA,
over the incident field polarization; the inner angular
brackets with the subscript S stand for the averaging over
the particle surface; and ωL and ωR are the excitation
laser and Raman-shifted angular frequencies, respec-
tively. Because of the strong spectral dependence of the
local-field intensity on the excitation frequency, we do
not simplify Equation 1 by using the approximation
ωR = ωL, which would lead to the known four-power law
EF � jEloc(ωL)j4.

The local near-field is defined as the sum of the
incident field and the plasmonic field Ep at an arbitrary
point rp near the particle surface. The electric vector of
the incident light can be decomposed along the main
symmetry axes (x, y, z) E0 = E0xex + E0yey + E0zez. For
simplicity, we set jE0j = 1, and then E0x,y,z are the direc-
tion cosines of the vector E0 along the corresponding
axes. We define κi ≡ κiξ = (ei � eξ), i = x,y,z, where the unit
vector eξ corresponds to the spheroidal coordinate system
(ξ, η, ζ); that is, it is the outgoing normal to the spheroid
surface. Then κi are the directional cosines with respect to
the particle frame. For an arbitrary vector eξ, we have

X
i= x,y,z

κ2i =1: ð2Þ

Consider the surface average quantity

κ2zκ
2
y

D E
S
= κ2z 1−κ2z−κ2x

� �� �
S = κ2z−κ4z−κ2zκ

2
x

� �
S: ð3Þ

By symmetry κ2zκ
2
y

D E
S
= κ2zκ

2
x

� �
S, therefore,

κ2zκ
2
y

D E
S
=

1
2

κ2z−κ4z
� �� �

S

: ð4Þ

Similarly,

κ2xκ
2
y

D E
S
= κ2x 1−κ2x−κ2z

� �� �
S = κ2x−κ2xκ

2
z−κ4x

� �
S

= κ2x−
1
2
κ2z +

1
2
κ4z−κ4x

� �
S

:

ð5Þ

Thus, all surface-averaged quantities are expressed in
terms of κni

� �
S, n=2,4; i= x,z . The surface average

quantities κni
� �

S have been calculated analytically[21] for
n = 2, 4:

κ2z
� �

S =
1−e2p
e2p

f p−1

f p +1
, ð6Þ

κ2x
� �

S = κ2y

D E
S
=

1
2e2p

1− 1−2e2p
� 	

f p

f p +1
, ð7Þ

f p =
arcsin ep

� �
ep

ffiffiffiffiffiffiffiffiffiffiffi
1−e2p

q , ð8Þ

κ4z
� �

S =
1−e2p
e4p

3−e2p−3 1−e2p
� 	

f p

f p +1
, ð9Þ

κ4x
� �

S = κ4y

D E
S
=

3
8e4p

3−2e2p− 3−4e2p
� 	

f p

f p +1
: ð10Þ

ep is the prolate spheroid eccentricity

ep = eprolate =

ffiffiffiffiffiffiffiffiffiffiffiffi
1−

b2

a2

s
: ð11Þ

Similar expressions can be derived for oblate spher-
oids (a = b ≥ c) with eccentricity eo = eoblate =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−c2=a2

p
.

Consider now the decomposition of the local near-
field at the spheroid surface in the electrostatic approxi-
mation (EA) (see eq G.20 in Le Ru and Etchegoin[21]):

Eloc =
X

i= x,y,z

Eoi aiei + biκieξð Þ, ð12Þ

ai =1−3Liβi, bi =3βi: ð13Þ

βi are the normalized polarizabilities along the
main axes

βi =
εr−1

3+ 3Li εr−1ð Þ ,εr = ε=εm: ð14Þ

ε and εm are the dielectric functions or the dielectric
permittivities of spheroids and the surrounding medium,
respectively; La,b are the geometrical depolarization
factors[25]:
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Lz = La =
1−e2p
e2p

−1+
1
2ep

ln
1+ ep
1−ep

� �
,Lx,y =Lb = 1−Lað Þ=2:

ð15Þ

Let us calculate jElocj2 first

Elocj j2 =
X
i

E2
oi Ai +Biκ

2
i

� �
+
X
i≠j

EoiEojBijκiκj, ð16Þ

whereAi = aij j2, Bij = bib
�
j + aib

�
j + a�j bi, ð17Þ

Bi �Bii = bij j2 + 2Re aib
�
i

� �
= ai + bij j2− aij j2: ð18Þ

Due to the Hermitian property Bij =B�
ji and to the

symmetry of EoiEojκiκj with respect to i,j indexes, the sum
in Equation 16 is a real quantity, as it should be. After
surface averaging of Equation 16, we have hκiκjiS = 0,
i ≠ j and consequently

Eloc ωð Þj j2� �
S =

X
i

E2
oi Ai +Bii κ

2
i

� �
S

� 	
: ð19Þ

Now we proceed to hjEloc(ω)j4iS, the SERS EF for
zero-Stokes shift. From Equation 16, we have

Eloc ωð Þj j4 =
X
i

E2
oi Ai +Biκ

2
i

� �
+
X
i≠j

EoiEojBijκiκj













2

=

X
i

E2
oi Ai +Biκ

2
i

� �











2

+ 2Re
X
i

E2
oi Ai +Biκ

2
i

� �X
m≠n

EomEonBmnκmκn

+
X
i≠j

m≠n

EoiEojEomEonBijBmnκiκjκmκn:

ð20Þ

Performing the surface and orientation averaging of
the first term, we arrive at the following result:

Eloc ωð Þj j4� �
S

D E 1ð Þ
=
1
5

X
i

A2
i +2AiBi κ

2
i

� �
S +B2

i κ4i
� �

S

� 	
+

+
2
15

X
i<j

AiAj +AiBj κ2j

D E
S
+AjBi κ

2
i

� �
S +BiBj κ2i κ

2
j

D E
S

� 	
,

ð21Þ

where the orientation-averaged quantities E4
oi

� �
=1=5 ,

E2
oiE

2
oj

D E
=1=15 , and the symmetry properties over i, j

indexes have been used. We then consider the second
term in Equation 20. It can be shown that the

surface-averaged result equals zero. Indeed, κ2i is an even
function of the azimuthal angle φ (see eq G34 in Le Ru
and Etchegoin[21]), whereas κmκn is an odd function of φ
for m ≠ n. Therefore,

κ2i κmκn
� �

S = 0 for any i and m≠ n: ð22Þ

We are therefore left to calculate the last cross-term:

X
i≠j

m≠n

EoiEojEomEonBijBmn κiκjκmκn
� �

S: ð23Þ

We have 36 combinations of κiκjκmκn. However, there

are only three non-zero average quantities κ2i κ
2
j

D E
S
, i≠ j:

κ2xκ
2
y

D E
S
, κ2xκ

2
z

� �
S, κ2yκ

2
z

D E
S
. The surface average of all other

combinations equals zero. Thus, the remaining non-zero
cross-terms are

Elocj j4� � 2ð Þ
S =

X
i<j=2,3

E2
oiE

2
oj B2

ij +2BijBji +B2
ji

� 	
κ2i κ

2
j

D E
S
:

ð24Þ

Owing to Hermitian property,

B2
ij +2BijBji +B2

ji = Bij +Bij
� �2

= Bij +B�
ij

� 	2
= 4 Re Bij

� �� �2
:

ð25Þ

Thus, after orientation averaging, we obtain

Elocj j4� � 2ð Þ
S

D E
=

4
15

X
i<j=2,3

Re Bij
� �� �2

κ2i κ
2
j

D E
S
: ð26Þ

Finally, the full expression for the surface- and
orientation-averaged EF for zero-Stokes shift in the
EA reads

Eloc ωð Þj j4� �
S

D E
= Eloc ωð Þj j4� �

S

D E 1ð Þ
+

4
15

X
i<j=2,3

Re Bij
� �� �2

κ2i κ
2
j

D E
S
,

ð27Þ

where the first term in Equation 27 is given by
Equation 21.

Now one has to generalize the above derivation for
non-zero Raman shift, when the fourth-power approxi-
mation is not valid. Without going into the full details,
Equation 21 can be generalized to
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Eloc ωLð Þj j2 Eloc ωRð Þj j2� �
S

D E 1ð Þ
=
1
5

X
i

AL
i A

R
i + AL

i B
R
i +AR

i B
L
i

� �
κ2i
� �

S+BL
i B

R
i κ4i
� �

S

h i
+

1
15

X
i≠j

AL
i A

R
j +AL

i B
R
j κ2j

D E
S
+AR

j B
L
i κ2i
� �

S +BL
i B

R
j κ2i κ

2
j

D E
S

� 	

ð28Þ
Similarly, Equation 26 can be generalized to

Eloc ωLð Þj j2 Eloc ωRð Þj j2� �
S

D E 2ð Þ
=

1
15

X
i<j=2,3

Bij ωLð ÞBij ωRð Þ+Bij ωLð ÞBji ωRð Þ+Bji ωLð ÞBij ωRð Þ+Bji ωLð ÞBji ωRð Þ� �
κ2i κ

2
j

D E
S
=

4
15

X
i<j=2,3

Re Bij ωLð Þ� �
Re Bij ωRð Þ� �

κ2i κ
2
j

D E
S
,

ð29Þ

Bij ωWð Þ�BW
ij = bWi bW�

j + aWi bW�
j + aW�

j bWi ,W = L,R:

ð30Þ

The surface- and orientation-averaged SERS enhance-
ment factor therefore reads

EFh i= Eloc ωLð Þj j2 Eloc ωRð Þj j2� �
S

D E
=

Eloc ωLð Þj j2 Eloc ωRð Þj j2� �
S

D E 1ð Þ
+ Eloc ωLð Þj j2 Eloc ωRð Þj j2� �

S

D E 2ð Þ

ð31Þ

By using symmetry properties, Equation 31 can be
rewritten in the following form:

EFh iS
� �

= Eloc ωLð Þj j2 Eloc ωRð Þj j2� �
S

D E
=
1
5

X
i

GLR
ii +

1
15

X
i<j

GLR
ij +GRL

ji

� 	
+

4
15

X
i<j=2,3

Re Bij ωLð Þ� �
Re Bij ωRð Þ� �

κ2i κ
2
j

D E
S

ð32Þ

In Equation 32, the quantities GLR
ij obey the symmetry

GLR
ij =GRL

ji and are defined by the following expression:

GLR
ij =AL

i A
R
j +AL

i B
R
j κ2j

D E
S
+AR

j B
L
i κ2i
� �

S+BL
i B

R
j κ2i κ

2
j

D E
S
,

ð33Þ
where

AL,R
i = ai ωL,Rð Þj j2, ð34Þ

BL,R
ij = bi ωLð Þb�j ωRð Þ+ ai ωLð Þb�j ωRð Þ+ a�j ωRð Þbi ωLð Þ ð35Þ

BL,R
i �BL,R

ii = bij j2 + 2Re aib
�
i

� �
= ai + bij j2− aij j2, ð36Þ

ai ωð Þ=1−3Liβi ωð Þ,bi ωð Þ=3βi, ωð Þ,ω=ωL,R, ð37Þ

the indexes L and R stand for laser and Raman-shifted
frequencies. These equations should be complemented by
Equations 4 to 10 given earlier.

2.2 | Improved electrostatic
approximation (IEA)

The T-matrix framework[30] provides an exact solution to
the EM scattering problem, from which the SERS
enhancement can be derived. The T-matrix itself is a
generalization of the concept of polarizability to higher
orders.[31] For a spheroid of revolution around the z-axis,
its lowest-order elements correspond to the dipolar
polarizability along the two main axes: T22

11,m=0 is propor-
tional to the dipolar polarizability along the z-axis,
whereas T22

11,m=1 corresponds to that along the x- and
y-axes.[26,31] These T-matrix elements represent the
exact dipolar response of the particle, including
radiative damping, depolarization effects, and interac-
tions with higher order multipoles. In Majic et al.,[26]

we derived Taylor expansions for these generalized
polarizabilities in terms of the size parameter
X =2π

ffiffiffiffiffiffi
εm

p
a=λð Þ. The resulting analytical approximations

are correct up to terms of order X6. Here, we propose to
use these improved dipolar polarizability expressions in a
standard EA model to formulate an improved EA
(IEA) model for the calculation of the surface- and
orientation-averaged SERS EF. The modified polarizabil-
ities αi of the IEA are deduced from the Taylor
expansions of Majic et al.[26] and are defined by the
following expressions:

αi = βi
1

1−ΩiX2− i 2
3h2

βiX
3 ð38Þ

where h = a/b is the aspect ratio and

Ωz =
9e2p
25

+
εr 1−e2p
� 	

−2

5 1+ εr−1ð ÞLz½ � , ð39Þ

Ωx,y = −
12e2p
25

+
εr +3e2p−2

5 1+ εr−1ð ÞLx,y
� � : ð40Þ

Thus, by simple replacing βi by αi as given in
Equations 38–40, we have an analytical solution for the
IEA approximation to calculate the surface- and
orientation-averaged SERS EFs.
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3 | RESULTS AND DISCUSSION

3.1 | T-matrix simulations

The accuracy of the EA and IEA approximations was
evaluated by comparing them to T-matrix simulations of
the extinction spectra and SERS EFs of spheroidal parti-
cles. These were calculated using publicly available codes
(SMARTIES)[27] with n = 15 multipoles, all m's [−(2n
+1) ≤ m ≤ 2n+1], and 80 points for the theta-quadrature.
We used experimental particle width of 2a = 26 nm,[10] a
constant refractive index of 1.334 for water, and Johnson
and Christy[32] data for the dielectric function of gold.
Surface-averaged quantities were calculated by using a
rectangular quadrature of 360 angles θ and analytical
averaging for azimuth φ (see below for details). For
orientation averaging, the SERS EFs were averaged using
a 31-point Gaussian quadrature for theta (the results are
independent of phi). For each incident direction, the
SERS EFs are calculated for two orthogonal polarizations,
but the polarization averaging is not trivial and explained
in what follows.

We consider a fixed incident direction and assume we
have found the full solution of the problem for two
orthogonal incident polarization vectors denoted E0

1 and
E0
2 . We denote E1 and E2 these solutions. Note that

although the incident polarizations were orthogonal, the
corresponding solutions may not be. The most general
incident polarization is of the form E0 =E0

1cosγ+E0
2sinγ ,

and the corresponding solution is E = E1cosγ+E2sinγ.
We can therefore perform polarization-averaging by
averaging over γ chosen uniformly between 0 and 2π. By
construction, the result should be independent of the
choice of E0

1 and E0
2 . Let us first consider the field

intensity. After expanding and averaging over γ, we
obtain the standard result: Ej j2� �

γ
= 1

2 E1j j2 + E2j j2� �
. The

same applies to all quantities that are quadratic in
the fields and therefore to absorption, extinction, and
scattering cross sections. The situation is more
complicated for SERS EFs, which are quartic properties.
Let us consider the general case: EF = jELj2jERj2, where
EL and ER are short notations for E(ωL) and E(ωR). After
expanding and averaging over γ, we obtain

EL


 

2 ER



 

2D E
γ
=
3
8

EL
1



 

2 ER
1



 

2 + EL
2



 

2 ER
2



 

2� 	
+
1
2
Re EL

1 EL
2

� ��� �
Re ER

1 ER
2

� ��� �

+
1
8

EL
1



 

2 ER
2



 

2 + EL
2



 

2 ER
1



 

2� 	
: ð41Þ

For the full orientation averaging, one can then aver-
age this expression over all possible incident directions.
For axisymmetric particles, this reduces to averaging over
a single angle. Surface-averaging can also be carried out

and is much faster and more accurate if the averaging
over azimuthal angle φ is carried out analytically as
pointed out in Somerville et al.[27] To apply it to the
expression above, the method detailed in Somerville
et al.[27] must be generalized to expressions of the form
hRe[XY*]Re[ZU*]iS (all terms in the equation can be
expressed in this form). The starting point is the same: all
quantities within the T-matrix formalism can be
expressed as a sum over azimuthal quantum number,
where the φ-dependence is given analytically, for
example (for a maximum of N multipoles):

X θ,φð Þ=
XN

m= −N

Xm θð ÞeimφandY θ,φð Þ=
XN

m= −N

Ym θð Þeimφ

ð42Þ

Rearranging the double sum, we deduce

Re XY �½ �=
X2N

q= −2N

Zq θð Þeiqφ,withZq =

PN
m= −N + q

XmY �
m−q, q≥0ð Þ,

PN + q

m= −N
XmY �

m−q, q≤ 0ð Þ:

8>>><
>>>:

ð43Þ

We then follow the method of Somerville et al.[27] to
compute surface averages of the form hABiS. Guided by
the expression above, we start from

A θ,φð Þ=
X2N

q= −2N

A θð ÞqeiqφandB θ,φð Þ=
X2n

q= −2N

B θð Þqeiqφ::

ð44Þ

Taking the product, and averaging over φ using
heipφi = δ0p, we then deduce

ABh iS =
X2N

q= −2N

Aq θð ÞB�
q θð Þ

D E
θ
: ð45Þ

3.2 | Surface integral equation
simulations

For gold nanocigars, the SIE method[28] was used to
calculate the local electric field and SERS EFs with
specially developed (and tested) codes for plasmonic and
metallic nanoparticles.[29] The calculation details are
described in Khlebtsov et al.[10] For a given incident
excitation, the local fields were calculated at both the
laser excitation and Raman wavelengths and then
surface-averaged to calculate hjELj2jERj2iS. Finally, the
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orientation-averaged EFs were obtained by averaging
the results over 1,000 random incident orientation-
polarization excitations. This was not much more costly
than the calculations for a given excitation geometry
because the SIE interaction matrix is independent of
incident excitation.

3.3 | Extinction and absorption spectra
in EA and IEA approximations

Figure 2a,b shows the extinction and absorption spectra
of randomly oriented spheroids. Note that the extinction
and absorption cross sections are calculated by known
formulae for small spheroids[25] using the corresponding
EA and IEA polarizabilities. The EA plots in Figure 2a
illustrate larger and blue shifted extinction LPR peaks
compared with the T-matrix calculations.

The EA overestimation of the extinction seems
related to the incorrect scattering contribution because
the absorption peak heights are in reasonable agreement
with those calculated by T-matrix method (Figure 2b). In
terms of peak position, it is clear that the T-matrix
predictions are red-shifted compared with the EA
extinction as illustrated in Figure 2c for aspect ratio
ranging from 2 to 6. This is well documented and
attributed to retardation and radiation damping.

Figure 3 displays the same set of plots but now for the
IEA. The agreement is very good, to the point that one
cannot see the dashed lines, but there is a tiny difference
when we zoom in. Note one discrepancy: the IEA does
not predict the expected quadrupole peak[26] for the
highest aspect ratio since by construction it only
considers the dipolar response of the particle.

We conclude that the IEA gives excellent agreement
with exact T-matrix calculations at least for particle

length (52–156 nm) and aspect ratios 2–6 considered
here, which correspond to volume-equivalent diameters
between 32 and 47 nm. Note that typical nanorod width
is less than 20 nm,[12] except for special synthesis in a
binary surfactant mixture.[13,33] Also, the upper limit of
aspect ratios is typically less than 6, and the longitudinal
LPR wavelength is also less than 1,000 nm.[11,34,35] This
means that the IEA can be used for accurate prediction
of far-field cross sections for small gold spheroids.

3.4 | SERS enhancement factors in EA
and IEA approximations

We now consider a SERS experiment, where the SERS
EF of a given Raman peak is compared for the different
particles. To match our own experimental results (see
later), we set the excitation wavelength at 785 nm, and
the Raman-shifted wavelength at 877 nm Raman, which
corresponds to the relative Raman frequency shift
(ωL − ωR)/ωL = 0.105 or 1,342 cm−1 in terms of the
wave number Raman shift. We study the intensity
(EF) for this Raman peak under different approximation
in the EA and IEA, compared with the exact
T-matrix result.

In Figure 4, we compare three surface- and orienta-
tion-averaged enhancement factors hjELj4i, hjERj4i, and
hjELj2jERj2i calculated by the T-matrix and EA methods.
The simulated results are plotted against aspect ratio
(Figure 4a) and also against LPR wavelength (Figure 4b).
The agreement between the approximate and exact calcu-
lations is poor for EF versus AR plots in both peak posi-
tions and peak magnitudes. However, for the EF as a
function of the LPR wavelength, the standard EA gives a
reasonable estimate of the spectral position of the EF
peaks but overestimates the peak values.

FIGURE 2 Extinction (a) and absorption (b) spectra and LPR peak position (c) calculated by T-matrix method (TM, solid lines) and

common electrostatic approximation (EA, dashed lines) for Au spheroids with thickness of 26 nm and aspect ratio ranging from 2 to 6
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Figure 5 is the same as Figure 4, now for the IEA.
First of all, there is again excellent agreement between
the exact T-matrix plots and those calculated with the
IEA for EFs plotted against the aspect ratio and LPR
wavelength. The agreement is almost perfect, except
when the aspect ratio is the largest. The LPR there is
above 1,000 nm, and the quadrupole peak (down at
700 nm) starts to contribute to the EF at 785 nm. Because
the IEA has only a dipole term, it is normal that the IEA
does not predict that effect.

Another important result is that the T-matrix and
IEA simulations with the full Equation 1 predict small
EF variations around about 105 for PR wavelengths
between 800 nm and 900 nm (the corresponding aspect
ratios are between 3.5 and 4.5). That is what was
observed in our measurements[10] for AuNRs whose PR

was above the excitation wavelength. With increasing
AuNR aspect ratio and PR wavelength, the predicted
SERS EF starts to decrease, in agreement with the experi-
mental data for long nanorods.[10] However, for aspect
ratios smaller than 3.5 or, equivalently, for PRs below the
excitation wavelength, the simulated EFs decrease by
almost three orders of magnitude, in drastic contrast with
the experimental data. This point has been discussed in
Khlebtsov et al.[10]

Yet another important conclusion is that the widely
used zero-shift four-power law gives incorrect estimates
of the SERS EFs—even when surface and orientation
averaging is taken into account (EFS = hhjEloc(ωL)j4iSi).
The calculated EF dependences on the PR wavelength
have a narrow-width peak centered at the laser
excitation wavelength (blue plot in Figure 5b) or at the

FIGURE 3 Same as in Figure 2 but for T-matrix (TM) and improved electrostatic approximation (IEA). The solid (T-matrix) and

dashed (IEA) lines are indistinguishable

FIGURE 4 Orientation- and surface-averaged SERS EFs of Au spheroids as a function of the aspect ratio (a) and the LPR wavelength

(b). Simulations for spheroid width d = 2b = 26 nm by the T-matrix method (TM, solid lines) and common electrostatics approximation (EA,

dashed lines), using the fourth-power approximation for the laser wavelength (785 nm, blue), Raman-shifted wavelength (877 nm, red), and

the full Equation 1 (green)
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Raman-shifted wavelength, corresponding to
hhjEloc(ωR)j4iSi (red plot in Figure 5b). When the full
Equation 1 is used for simulations, the integrand product
of the local intensities jEloc(ω)j2jEloc(ωR)j2 has a flatter
behavior, and no strong resonance is observed near the
laser wavelength (green plot in Figure 5b).

Finally, in Figure 5, calculated EFs are almost 5 times
higher than that measured experimentally for cigar-like
nanorods of similar thickness (24–26 nm) and LPR wave-
length ranging from 925 to 650 nm. To verify whether
this difference is related to the spheroidal model, we did
additional simulations with cigarlike AuNRs. The local
fields were calculated by the surface integral equation
(SIE) method[28] and then surface and orientation averag-
ing was done with Equation 1.

Figure 6 shows the surface- and orientation-averaged
local fields hjElocj4i for the laser and Raman-shifted wave-
lengths ωL and ωR, respectively, as a function of the
aspect ratio of nanospheroids (T-matrix calculations) and
nanocigars (SIE calculations). There is a small shift in the
peak position between cigars and spheroids, as also
observed previously.[36] Because of the resonance
behavior of the hjELj4i and hjERj4i quantities and because
of the notable difference in their peak position, the
fourth-power law strongly overestimates the EF, as
compared with the SERS EF calculated with Equation 1.
The average cigar EFs are also reduced, as compared with
those of spheroids because of the reduced curvature at
the tip. But as for spheroids, there is a flat portion of the
full EF hjELj2jERj2i as a function of the LPR wavelength.
For wavelengths between 785 and 900 nm, SIE simula-
tions (green line) agree with the averaged experimental
data[10] for gold cigars. However, there is still a strong
disagreement between simulations and measurements
for shorter and longer wavelengths. This point is
discussed in Khlebtsov et al.[10]

4 | CONCLUSION

We have obtained an explicit analytical solution to the
surface- and orientation-averaged SERS EF for randomly
oriented prolate spheroidal particles in the common
(EA) and improved (IEA) electrostatic approximations.
The solution involves two decomposition coefficients a
(ω) and b(ω) of local electromagnetic field on the

FIGURE 5 Orientation-

and surface-averaged SERS EFs

of Au spheroids as a function of

the aspect ratio (a) and the PR

wavelength (b). Simulations for

spheroid width d = 2b = 26 nm

by the T-matrix method (TM,

crosses) and improved

electrostatics approximation

(IEA, circles), by using the

fourth-power approximation for

the laser wavelength (785 nm,

blue), Raman-shifted

wavelength (877 nm, red), and

the full Equation 1 (green)

FIGURE 6 Orientation- and surface-averaged local fields for

the laser wavelength (hjELj4i, blue curves), the Raman-shifted

wavelength (hjERj4i, red curves), and the SERS EF hjELj2jERj2i,
green curves) as a function of the aspect ratio. Calculation by the

T-matrix method for nanospheroids (TM, dashed lines) and by the

SIE method for nanocigars (SIE, solid lines). Black circles show the

averaged experimental data of Khlebtsov et al.[10] for gold cigars

and 30-nm nanospheres (at 520 nm)
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spheroid surface. These coefficients are expressed
through the usual electrostatic polarizabilities βi in EA
and generalized IEA polarizabilities αi, which account for
size-dependent radiative damping, depolarization effects,
and interactions with higher order multipoles. We have
demonstrated perfect agreement between the IEA and
the T-matrix calculations for far-field cross sections and
near-field SERS EFs, except for high aspect ratios where
the quadrupolar resonance becomes more important.
This approach can easily be generalized to oblate
spheroids as the improved polarizabilities in Equations
38–40 are also valid for oblate spheroids.[26]

Calculations for gold nanocigars of the same
thickness as for spheroids show that the spheroidal
model gives overestimated SERS EFs because of the
higher curvature at the tip. To improve our solution and
make it applicable for real AuNRs, it is possible, at least
in principle, to consider the lowest-order T-matrix
elements for cigar-like particles similarly to derivation of
Majic et al.[26] In the first approximation, this would give
an effective electrostatic polarizability tensor of small
plasmonic cigars as a function of their aspect ratio,
whereas higher size-dependent terms would include
radiation damping and other effects. In addition,
one would have to generalize the decomposition
(Equation 12) for cigars. Then, our analytical solution
could be generalized for other axially symmetrical
particles by simply replacing the decomposition coeffi-
cients a(ω) and b(ω) of spheroids with their counterparts.
Another interesting extension of this study would be to
consider the important case of a dimer of sphere.[37] For
this, it will be necessary to derive low-order approxima-
tions of the superposition T-matrix method.[38,39]
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